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What is the Yield Curve

/ In finance, the yield curve is the relation between the interest rate and
the time to maturity of the debt for a given borrower in a given currency.

 The yield curve is often called the term structure of interest rates. It is
the fundamental building block of all financial analysis.

/ Pricing: risk-free discount factor can be inferred from the yield curve

« Forecasting: yield curve contains rich information about the market
expectation of the future short rate evolution.
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How to construct the yield curve

« The yield curve is a theoretical curve which has to be estimated from
the market data

«# There are three common approaches to construct the yield curve:
/% Cubic spline interpolation: McCulloch (1971), Anderson and Sleath (2001)
« Parametric approach: Nelson and Siegel (1987), Svensson, L (1994)
« Bootstrapping approach: Fama and Bliss (1987)

4 How central banks/Treasuries build their yield curves
« Bank of England: Cubic spline interpolation (Anderson and Sleath (2001))
« Deutsche Bundesbank: Parametric approach (Svensson (1994))

« US treasury: Only provide constant maturity rate (i.e. par yield) curve, but it

can be used to derive yield curve by Bootstrapping approach (Fama and
Bliss (1987))
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How to construct the yield curve
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Parametric Approach

4 The parametric approach offers a conceptually simple and
parsimonious description of the term structure of interest rates. Two
most popular parametric models are Nelson and Siegel (1987), and
Svensson (1994)

« Nelson Siegel (1987) models the forward rate with the following function

where fdthedboal BraxBetdd Ehads 4 Bn§midivhrd rate

level; betaO+betal is the short rate level; beta2 is the weight of the
“‘hump” component of the curve.

+ Svensson (1994) extends the Nelson-Siegel model by adding an extra
term

f(&)=p,+pexp(-=t/7)+(t/7)p,exp(-t/ 1)) +(t/ T,) p exp(-t/ T,)
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Parametric Approach

/ Pros
« Parsimonious model with sensible economic interpretations

« Better able to produce a smooth yield curve with a satisfactory overall
shape and smoother forwards

« Easy to implement

+ Cons
« May not fit market data very well

« Lack of flexibility given the freedom of the model is constrained by the small
number of parameters

© 2005,2008, 2017 Moorad Choudhry University of Kent Business School 7



Cubic spline interpolation

/ A cubic spline is a smooth spline constructed of piecewise third-order
polynomials which pass through a set of control points.

# The instantaneous forward rate is modelled as below:
(a, +b,(t—t)+c(t-t) +d (t-1),t, <t <t,
a, +b,(t—t)+c,(t-1,) +d,(t-1,),t, <t <t,

J(@) =

ay +b,(t—t ) +cy(t—t,) +d,(t-t,),t, <t<t,

Where: f(t) is the instantaneous forward rate and t is the maturity of the
forward rate. The parameters a(i), b(i), c(i), d(i) are uniquely identified
by the control points.

« Although this approach is less parsimonious than the parametric model,
it is more parsimonious than bootstrap method.
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Cubic spline interpolation

« Smoothing the spline

« Although unconstrained spline can fit market data very well, it can be too
flexible and thus exhibit too much oscillation which is hard to justify.

« Anderson and Sleath (2001) propose to smooth the spline by minimizing
the its second derivative.

« Fitting the market data

« We optimize the spline curve by minimizing the following objective function:

N T
A N2
X =30, = 50"+ [AS "t
i= Q
Where y; is the market yield; J; is the model implied rate; N is the number

of the market data points; 4, is the weighting of the smooth penalty;f"(t) is
the second derivative of the spline forward rate.
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Cubic spline interpolation

/ Pros

« Higher degree of flexibility (e.g. you can choose any combination of control
(knot) points to model the forward curve)

« Ability to fit market data well

« It is possible to balance goodness of fit and smoothness of the curve by
imposing appropriate smooth constraints.

 Cons
« ltis a pure statistical model that may produce unrealistic yield curves,
especially for forward curves

« The choices of knot points and smooth constraints are subject to subjective
judgements which can have non-trivial impacts on the shape of a yield
curve
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Bootstrap approach

« Under the bootstrap approach, the term structure of spot rates is
recovered from the bond yields (or swap rates) by solving for them
recursively.

 The most well known bootstrap method was proposed by Fama-Bliss
(1987). They assume a constant forward rate between successive bond
maturities.

f(@)=f,when t(i)>t>t(i-1)

We optimize f(i) recursively so that the model implied yields/rates match
the market data exactly
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Bootstrap approach - money market rates example

The example below shows how we use the money market rates to
bootstrap the yield curve.

Suppose we have 3 types of money market rates: LIBOR rates, future

rates and swap rates (see table below).

Maturity (y) Day count Frequency

rate

LIBOR 1
LIBOR 2
FUTURE 1
FUTURE 2
1 year SWAP1
2 year SWAP2
3 year SWAP3
4 year SWAP4

T1
T2
T3
T4
T5
T6
T7
T8

30/360
30/360
30/360
30/360
30/360
30/360
30/360
30/360

annual
annual
annual
annual

RL(T1)
RL(T2)
RF(T3)
RF(T4)
RS(T5)
RS(T6)
RS(T7)
RS(T8)

Note that the future contracts RF(T,) above starts from T, , years ahead

and ends in T, years ahead.
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Bootstrap approach - money market rates example

We assume the forward rate f(7))is flat between the successive rate maturities (T(i-1)
to T(i)). The discount factor for the maturity T(i) is given as

d(T) =exp(~[Lf () +(T -T)f (L) +..+ (T =T f(T)]) = d(T)exp(~(T, - T) £ (T))

So the forward rate from T(i-1) to T(i) can be :
S(T)=-(nd(T)-nd(T_))/(T,-T._)

The bootstrap procedure is described in the following chart:

p
LIBOR: Future: Swap: The discount rates can be solved with the equ:
d(T,)=1/(1+RL(T)*T)) d(T5)=d(T,)/ (1H(T;5-T,)*RF(T3)) 1=RS(T5)* d(Ts) + d(Ty) : 1 year swap

NS

1=RS(T¢)* d(T5) +RS(T)* d(T,) + d(T(): 2 year swap

RE(T;) RF(T,) RS(Ts) ( RS(Ty) ) [ RS(T;) ) [ RS(Ty) }
— jr] 2 2.

A(T,) %@— Aty > ary |f ary sl acry ]
7 JVIR B

ity | s &t iy s sy | 5 fry |3 fery ]

~—

(. _/ _/

© 2005, 2008, 2017 Moorad Choudhry University of Kent Business School 13



Bootstrap approach

+ Pros
« Able to fit market data exactly
+ Easy to implement

« The yield curve is completely informed by the market with minimum
subjective assumptions and/or judgements.

~ Ccons

« Likely to produce unrealistic yield curves with kinks and turns which is hard
to justify

+ Lack of flexibility given the shape of the curve is completely determined by
the market data

« The strong assumption about the flat forward rate between the two
successive bond maturities
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What data shall we use?

« Government bonds yields or money market rates

« We can either use the government bond data or the money market rates to
construct the yield curve but not both.

« Many central banks prefer the yield curve derived from the government
bonds data given it is the true “default-free” yield curve.

+ However, the yield curves constructed from money market rates are more
popular in the industry given they are often used to price complicated
financial instruments which are usually built on the short term “risk-free”
money market rate, e.g. LIBOR rate.

+ Government bond data

+ (1) Short term bond without coupon payments, like US Treasury bill; (2) Mid
and long term bonds that pay fixed coupon, like US Treasury bond

«~ Money market rates

/ (1) Money market short term cash rate, e.g. LIBOR; (2) Future rates; (3)
Swap Rates

© 2005, 2008, 2017 Moorad Choudhry University of Kent Business School 15



Typical inputs example - government bonds

« US treasury bill/bond prices on 30" Jun 2010

Name Coupon Frequency Maturity Market Price Day Count

(Clean) Convention
US TREASURY N/B 2 2 30/09/2010 100.453125 ACT/ACT
US TREASURY N/B 4.25 2 15/10/2010 101.171875 ACT/ACT
US TREASURY N/B 1.5 2 31/10/2010 100.4375 ACT/ACT
US TREASURY N/B 4.5 2 15/11/2010 101.59375 ACT/ACT
US TREASURY N/B 1.25 2 30/11/2010 100.4375 ACT/ACT
US TREASURY N/B 4.375 2 15/12/2010 101.90625 ACT/ACT
US TREASURY N/B 0.875 2 01/01/2011 100.3125 ACT/ACT
US TREASURY N/B 1.75 2 15/11/2011 101.796875 ACT/ACT
US TREASURY N/B 0.75 2 30/11/2011 100.40625 ACT/ACT
US TREASURY N/B 4.5 2 30/11/2011 105.78125 ACT/ACT
US TREASURY N/B 1 2 01/01/2012 100.765625 ACT/ACT
US TREASURY N/B 4.625 2 01/01/2012 106.28125 ACT/ACT
US TREASURY N/B 4.5 2 15/02/2036 110.84375 ACT/ACT
US TREASURY N/B 4.75 2 15/02/2037 115.203125 ACT/ACT
US TREASURY N/B 4.625 2 15/02/2040 112.828125 ACT/ACT
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Typical inputs example - money market rates

«# US money market rates on 30 June 2010

Maturity Rate type Rate E::V::tl;lg:‘ Frequency
1 day Libor rates 0.31% ACT/360 -

1 month Libor rates 0.35% ACT/360 -

3 month Libor rates 0.53% ACT/360 -

6 month Libor rates 0.75% ACT/360 -
90day dec10  future rates 0.77% 30/360 -
90day dec11 future rates 1.29% 30/360 -
90day dec12  future rates 2.19% 30/360 -
90day dec13  future rates 3.02% 30/360 -

1 year swap rate 0.72% 30/360 semi-annual
2 year swap rate 0.98% 30/360 semi-annual
3 year swap rate 1.34% 30/360 semi-annual
4 year swap rate 1.72% 30/360 semi-annual
5 year swap rate 2.07% 30/360 semi-annual
6 year swap rate 2.36% 30/360 semi-annual
7 year swap rate 2.58% 30/360 semi-annual
8 year swap rate 2.76% 30/360 semi-annual
9 year swap rate 2.91% 30/360 semi-annual

10 year swap rate 3.03% 30/360 semi-annual

12 year swap rate 3.24% 30/360 semi-annual

15 year swap rate 3.44% 30/360 semi-annual

20 year swap rate 3.61% 30/360 semi-annual

25 year swap rate 3.68% 30/360 semi-annual

30 year swap rate 3.72% 30/360 semi-annual
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Yield curve eample 1

the parametric approach with bond data

 Given the small number of

parameters to be estimated, we
don’t need a large amount of
market data for this approach.

~ However, we will need at least
3 data points for the Nelson-
Siegel model and 4 data points

for the Svensson 94 model
inform the parameters.

+ This may be more practical in

some markets with fewer
observable yield data poi
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US Government bond yield curve on 30 Jun 2010 based on the
Nelson-Siegel model
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Yield Curve example 2:
The cubic-spline interpolation approach with bond data

 More market data is

US Government bond yield curve on 30 Jun 2010 based on the
Cubic-spline interpolation
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Yield Curve eample 3

The Bootstrap approach with bond data

/ The Bootstrap method requires
higher quality market data given
this approach assumes the
markets are perfect liquid and
the prices correctly reflect
market conditions.

« We should only use market data
for the most liquid bonds.

« Although the estimated forward/
spot curves are not as smooth
as other methods, we can
replicate market data perfectly
with this approach.

US Government bond yield curve on 30 Jun 2010 based on the
Bootstrap model
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Yield Curve eample 4:
The Bootstrap approach with Money market data

4 We could use LIBOR rates, futures
(e.g Euro$ 90 day future) and swap
rates to construct the money market
yield curve

« Given money market instruments are
in general very liquid, there are less
issues with data selection compared
to the bond markets.

4 Comparing the bond yield curve (see
yield curve example 3) and the
money market yield curve, we find
that the two curves are similar to
each other except that the short end
of the money market curve is higher
(reflecting counterparty risks).

US Government money market curve on 30 Jun 2010 based on

the Bootstrap model
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Summary

 If the purpose of the yield curve is for pricing interest rate products, the
cubic-spline approach and/or bootstrap method are recommended
given their ability to fit market data well.

« If the yield curve is used to inform the market expectation of future
interest rates, we should opt for the parametric or the cubic spline
approach which will guarantee an economic sensible smooth yieldcurve
shape.

+ The cubic spline approach is the most versatile and flexible approach
though some subjective judgements have to be made during
implementation.

« Money market rates are in general more suitable for the bootstrap
method than bond data.
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4 Choudhry, M., Moorad Choudhry Anthology: Past, Present and Future
Principles of Banking and Finance, John Wiley & Sons Limited 2018

« [NOTE: this book includes an associated website containing a cubic-spline yield
curve model and Svensson 94 curve model, both with Excel front end]

4 Choudhry, M., Fixed Income Markets 2"? edition, John Wiley & Sons
Limited 2010
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DISCLAIMER

The material in this presentation is based on information that we consider reliable, but we do not
warrant that it is accurate or complete, and should not be relied on as such. Opinions expressed
are current opinions only. We are not soliciting any action based upon this material. Neither the
author, his employers, any operating arm of his employers nor any affiliated body can be held
liable or responsible for any outcomes resulting from actions arising as a result of delivering this
presentation. This presentation does not constitute investment advice nor should it be considered
as such.

The views expressed in this presentation represent those of Moorad Choudhry in his individual
private capacity and should not be taken to be the views of his employer or any affiliated body,
including London Metropolitan University or the ICMA Centre, University of Reading. Either he or
his employers at any time may or may not hold, or have recently held, a position in any security
identified in this document.

This presentation is © Moorad Choudhry 2005, 2017. No part of this presentation may be copied,
reproduced, distributed or stored in any form including electronically without express written
permission in advance from the author.

© 2005,2008, 2017 Moorad Choudhry University of Kent Business School

24



